


The number 36 has the remarkable property that it is both square and
triangular, since it equals 62 and 1 +2+3 +...+ 8. That is, a 6 x6 array of dots
can be perfectly rearranged into a triangular stack with 8 dots on the bottom
row. Apart from the trivial case of the number 1, which is regarded as both
square and triangular by convention, are there any other numbers with this
property? It turns out that this talk on the geometric properties of whole
numbers is really about fractions, approximation, surds, quadratic equations,
sequences and matrices, with a few passing references to calculus and
algorithms thrown in for good measure.

Links will be made between these concepts from the Australian Curriculum
and key ideas from the ANU Extension course for Year 11/12 students and
the Australian Maths Olympiad training program.
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The first few square numbers:

1, 4, 9, 16, 25, 36, 49, 64, 81, 100, 121, 144, 169, 196, 225, ...

The first few triangular numbers:

1, 3, 6, 10, 15, 21, 36, 45, 55, 66, 78, 91, 105, 120, 136, 153, ...



Since  and  we have

The first few square numbers:

1, 4, 9, 16, 25, 36, 49, 64, 81, 100, 121, 144, 169, 196, 225, ..., 1225, ...

The first few triangular numbers:

1, 3, 6, 10, 15, 21, 36, 45, 55, 66, 78, 91, 105, 120, 136, 153, ..., 1225, ...



In summary, and are triangular because

and  

and  

To find other examples, we want 

where  or  

Then

or  

The problem of finding numbers which are simultaneously square and 
triangular has been reduced to finding integer solutions to

or    

Note that for large values of and we have

So the problem reduces to finding good rational approximations to 



Consider the improper fraction  

Rewriting it as a mixed numeral, we have  

Now the fractional part is the reciprocal of another improper fraction,

so  can be written as 

Continuing in this way gives

A real number is rational if and only if it can be written as a finite 
continued fraction, in which case it can be done in two ways, e.g.

Every irrational number can be written as an infinite continued 
fraction, e.g.

Truncating a continued fraction expansion to various lengths gives the 

and  

Some special numbers have a pattern to their continued fractions, eg.

An irrational number has a periodic continued fraction expansion if 
and only if it is a solution of a quadratic equation

For example, the golden ratio  is a solution of the quadratic 
equation and its CF expansion is  

Truncating this to various lengths gives best rational approximations 

which involves the Fibonacci numbers in both the 
numerators and denominators!



E.g. find the exact value of  

Let , then

Hence is a positive solution to , namely  

Finally, 

Let  , then 

Hence 

The infinite CF expansion is 

The truncated CF expansions are

length CF decimal



From the truncated CF expansions for we have the sequence of rational 
approximations

Can we generate this list without recalculating the truncated CF each time?

If  is a term of this sequence, truncated after terms say, 

then  and so the term truncated after terms is

new 
new 

The fractions are of the form , , where the sequences 
and satisfy the recurrence relations and initial conditions

In matrix form this becomes

so

The fractions can also be read off from the first column of  

Changing the top right entry of the matrix gives a method for 
calculating approximations to the square root of any positive real 

The corresponding recursive definition uses only the basic 

operations of addition and division to form a sequence converging to 



Start with any positive real number as the initial approximation, no 
type the following on your calculator:

42=

Iterate the process  by typing:

(ans+7) (ans+1)=

= gradually converge to 

Are there more efficient methods?

to function 

Start with any positive real number and iterate :

42=   (ans2+7) (2 ans)=    = = = 

Why does this converge to so much more quickly?
n

Matrix
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